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Abstract 
Light-weight structures with controlled cost is a major issue in all industries especially those related to transport. In order to 
achieve this objective, short glass fiber reinforced thermoplastics (SGFRTP) are used to replace some metallic parts. So far, their 
use in structural parts has been hampered by the lack of predictive numerical simulation tools especially under fatigue loading. In 
this paper an approach to model the HCF of the unreinforced thermoplastic polymers is presented. The idea of this model will be 
useful to obtain a HCF model for the SGFRTP. 
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1. Introduction 
The understanding of the damage or failure mechanisms of reinforced thermoplastic composites with short fibers 
under HCF is a key step to obtain a valid HCF model. A lot of experimental work has been done for better 
understanding of those mechanisms. Standard tests to characterize the material fatigue are usually stress-controlled 
tests or strain controlled ones.  
An example of strain controlled tests, made on polyamide 66 (30% FV), are those made by V.Bellenger et.al [1]. 
The results show two trends in the induced stress versus number of cycles. These trends may be associated with low 
cycle fatigue (LCF) regime: Important maximum loading or high frequency, or with high cycle fatigue (HCF) 
regime: small maximum loading or small frequency (see Figure.1). 
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For LCF regime, the maximum induced stress decreases from one cycle of loading to another until the final 
failure of the material. On the other hand for the HCF regime the maximum induced stress remains almost constant 
but after an important number of cycles the material failure occurs.  
Fig.1: Evolution of the maximum induced stress versus the number of cycles at 2 Hz frequency [1] 
This type of tests proves that the damage mechanism is evolving at a lower scale. Hence investigations at the 
microscopic scale as done by (Horst et al. [2], Sato et al. [3] and others) seem to be better able to characterize the 
phenomena of material damage. 
These investigations show a very complicated mechanism, however three phenomena appear to be the most 
influential in causing the ultimate failure of material. First matrix cracking initiates at localized damaged zone, on 
the fibers tips at the location of highest stress intensity according to Horst et al.[2]. Secondly matrix /fibers 
debonding occurs which is related to chemical treatment done during the injection procedure. Thirdly, fibers failure 
can happen but seems to be less likely especially in HCF case. These last phenomena have different magnitude 
contributions. The most important seems to be the damage of the matrix. 
Fatigue of unreinforced thermoplastic polymers is an issue that has been studied by several authors: Lesser et al. 
[4] , Hertzberg et al. [5] and others. The common point between their conclusions is that fatigue of polymers occurs 
mainly in two stages. A first stage of damage evidenced by the degradation of mechanical properties of materials to 
achieve the initiation of a crack, and a second stage when the initiated crack propagates up to the final fracture of the 
workpiece. The first stage is always more important than the second one, especially in the case of high cycle fatigue. 
Lifetime of materials is mainly characterized by the first stage. Its assessment provides a good estimation of real 
lifetime. A model able to simulate the damage phase leads to characterize the behavior of the matrix and will be on 
the side of safety from an engineering point of view. 
In this paper, a HCF model for unreinforced thermoplastic polymers (TPs) based on mechanics damage and 
homogenization technique of multi-scale problem is presented. This model should be useful in future work to 
develop a complete model for the hole composite. 
2. Constitutive model for the fatigue of the unreinforced matrix of thermoplastic polymer 
As discussed in the introduction, a model based on the degradation of macroscopic characteristics of materials 
can reproduce the LCF behaviour. But for HCF regime, the mechanical properties of the material seem to be 
changed at the microscopic scale. 
The proposed HCF model for unreinforced thermoplastic polymers is based on a multi-scale approach with a small 
strain description, by considering the macro scale: scale of the structure subjected to HCF, the mesoscale : scale of 
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representative volume element (RVE) and the scale of weak spots: scale of damaged area. Most material remains 
viscoelastic, with damaged viscoelastic viscoplastic (VE-VP) weak spots, as illustrated in figure 2. 
 
 
Fig.2: Multi-scale analysis of the thermoplastic polymer   
2.1. Viscoelastic behavior at mesoscale: 
At mesoscale the behaviour is supposed to remain viscoelastic, the stress is then chosen to be defined using 
Boltzmann’s integral form (eg. Miled et al. [6]) 
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Where σ (t)   is stress at mesoscale , ε(t)  is total strain at mesoscale and Cve(t) is  relaxation tensor at mesoscale .       
The relaxation tensor is written as: 
Cve(t) = 2G(t)I dev + 3K(t)I vol  (2) 
Where G(t) and K(t) are shear and bulk relaxation functions, which could be expressed using the Prony series: 
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here, gi (i=1. .I) and kj (j=1. .J) are the deviatoric and volumetric relaxation times respectively ; Gi (i=1. .I) and Kj 
(j=1. .J) are the corresponding moduli or weights,and G∞ and K∞  the long-term elastic shear and bulk moduli. 
2.2. Damaged viscoelastic viscoplastic behavior at weak spots:  
At the weak spots ‘scale, it is assumed that the behavior is viscoelastic viscoplastic (VE-VP) coupled with 
damage. In the literature VP models coupled with damage are found. In the present work, we propose a VE-VP 
model coupled with damage. The damage-supposed isotropic- is modelled using damage mechanics tools, namely 
the isotropic damage variable D  and the effective stressσ~ . 
The constitutive model is based on the assumption that the total strain is decomposed into two parts viscoelastic 
strain ε ve  and viscoplastic strain ε vp  :  
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ε(t) = ε ve(t)+ ε vp (t)        (4) 
Let’s define the effective stress by Boltzmann’s hereditary integral: 
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 Where  σ (t)  is the stress at microscale and Cve(t) is the relaxation tensor at microscale . The effective stress could 
be also expressed using the Prony series, with a viscoelastic strain tensor divided into a εHve(t)  volumetric part and 
ξ ve(t)  deviatoric part:  
ε ve(t) = ξ ve(t)+ εHve(t)Ι  (6) 
where Ι is the second order identity tensor. Then deviatoric and volumetric parts of the stress are the following:  
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It is also important to consider the kinematic hardening to take into account the Bouschinger effect. A non-linear 
kinematic hardening allows modelling the dissymmetry between the behaviour in tension and that in compression 
under cyclic loading.       
 
dX
dt
= (1− D)(a ε vp − bXp)  (9) 
Where X   is kinematic hardening tensor and (a,b)  are  material parameters  
The yield function defines a yield surface ( f = 0)  and an elasticity domain ( f ≤ 0)  
( ) ))((~ 0 rXf eq ℜ+−−= σσ  (10) 
 
Where ( )eqX−σ~  is the von Mises measure of ( )X−σ~  , σ 0 =σ 0 (R,T ,F)  is elastic limit-like parameter, 
function of the ratio and the frequency of the loading ,and of the temperature ,and )(rℜ  is the isotropic hardening. 
The viscoplastic strain rate is : 
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With the scalar  p  being the accumulated plastic strain, its rate is: 
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To model the damage, the Lemaitre damage law is chosen: 
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with Y  is the thermodynamique varriable associated with damage ,(S,s) are material parameters and pD  is the 
damage threshold
 
Based on a thermodynamic study, we propose the following expression the expression of Y  :  
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Detailed study and numerical algorithm for the VE-VP-D model are presented in  (Krairi and Doghri (in 
preparation) [7]) 
2.3. Particular case of the model 
In this section, let us consider only one weak spot with spherical shape, and assume that all the material fails if 
the weak spot fails. For sake of simplicity, the effect of the isotropic hardening is neglected, and kinematic 
hardening is supposed linear. As a particular case of viscoelasticity let us suppose that the behavior at mescoscale is 
elastic (E), and at the weak spot is E-VP with damage. After all these simplifications the problem is summarized as 
follows:  
At meso-scale, the stress is described using the Hooke’s law: 
ε = 1+υ
E
σ − υ
E
tr(σ )I  (15) 
With E  is the Young’s modulus and υ  is the Poisson's ratio 
At weak spot scale: 
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Thermodynamic force associated to damage in the E-VP case is defined using the classical definition: 
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Using a localization law based on the self-consistent homogenization technique, a numerical algorithm was 
developed and implemented similar to that of  Desmorat et al. [8],which is valid for the rate-independent case. 
2.4. Application of the HCF model to unreinforced high density polyethylene 
The model in its simplified version was applied to the unreinforced high-density polyethylene (HDPE). 
Based on the experimental results of Zhang and Moore [9] and Berrehili [10]. The results of the model are compared 
to experimental results of uniaxial fatigue. The test was done for different loading ratio and at a frequency 
F = 2Hz . The material parameters used in the model are summarized in table 1. 
 
         Table 1. Constitutive model parameters for HDPE  
Parameters Value 
Young’s modulus E = 1700 MPa   
Poisson’s ratio ν = 0.3   
Yield stress σ y = 10 MPa   
Viscoplastic parameters gv =η( p)m  η = 106MPa  m = 7  
 
The value of Dc is chosen as 100%, and the other parameters are found by identification: 
S = 2,  s = 0.01 ,σ 0 (R = 0) = 7 MPa  and σ 0 (R = −1) = 11 MPa   
 
Fig.3 . S-N curves of HDPE for different loading ratio R  
The numerical results exhibit the same trend as the experimental results. A change in the shape of the weak spots, 
their orientations or their volume fraction could improve the accuracy of the results. 
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3. Model for the fatigue of short glass fibre reinforced thermoplastics 
The presented HCF model for unreinforced thermoplastic polymers (TPs) is currently used to develop a model for 
short fibre reinforced thermoplastic polymers. We consider a composite made of a VE matrix phase reinforced with 
mis-aligned short fibres with weak spots localized on the fibre tips to represent damaged areas (see figure 4).  
Two levels of homogenization are used for the modelling approach. First one of viscoelastic matrix with weak spots, 
second one the damaged matrix with fibres taking into account matrix-fibre debonding and fibres failure to obtain 
the behaviour of the composite. 
               
Fig.4   Schematic presentation of the HCF model for SGFRTP . 
4. Conclusion 
In this paper, a HCF model for the unreinforced thermoplastics polymers have been presented. The multi-scale 
modelling approach seems to reproduce some observed results for unreinforced HPDE using a particular case of the 
general model. Also the idea of ongoing modelling work for the short glass fibre reinforced thermoplastics 
(SGFRTP) is presented, which is based on the HCF model for unreinforced thermoplastics polymers. 
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